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ABSTRACT: Starting from Sklyanin’s separation of variables for the sf3 Yangian model, we
derive the separation of variables for the quantum sf3 Gaudin model. We use the result-
ing new variables for rewriting the sf3 Knizhnik-Zamolodchikov equations, and comparing
them with certain null-vector equations in conformal field theories with Ws-algebra sym-
metry. The two sets of equations are remarkably similar, but become identical only in the
critical level limit. This is in contrast to the sfs Knizhnik-Zamolodchikov equations, which
are known to be equivalent to Belavin-Polyakov-Zamolodchikov equations for all values of
the level.
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1 Introduction and conjecture

Many interesting models of two-dimensional conformal field theories are based on affine Lie
algebras s/tﬁ\v and their cosets, starting with Wess-Zumino-Witten models. To solve such
theories is an interesting challenge, whose difficulty depends more from the choice of the
underlying Lie algebra sfy, than from the particular coset or real form chosen.

For example, the sl family includes string theory in AdS3 and in the SL(2,R)/U(1)
2d black hole, as well as the H;' model; the simplest non-rational nontrivial model of the
family is however Liouville theory, also known as conformal sfo Toda theory. In several of
the other theories in the sfo family, it turns out that arbitrary correlation functions have a
simple relation to certain Liouville theory correlation functions [1, 2]. This relation entails
a relation between the Knizhnik-Zamolodchikov equations which follow from s/\fg symmetry,



and the Belavin-Polyakov-Zamolodchikov equations which follow from the conformal sym-
metry of Liouville theory [3]. The relation to Liouville theory is helpful in solving certain
models in the sl family, by disentangling the particular details of a model from its general
slo-based properties. For example, the ng -Liouville relation was very helpful in solving
the H?:F model on a disc [4]. Moreover, playing with the Liouville side of the relation leads
to the discovery of new conformal field theories which generalize the Hi model [5], and
which can be considered as members of an extended sfy family.

The intuitive reason why such a relation exists is that s/\ﬁg representations are
parametrized by just one number, their spin. So it is not very surprising that the dy-
namics of say the H; model, a theory of three interacting bosons, are in some sense
effectively one-dimensional. Applied to a theory with an ,%?2 symmetry algebra, which
may involve as many as N2 — 1 bosons, this reasoning suggests that it could be related to a
theory of only NV —1 bosons. Such a theory is present in the sfx family: namely, conformal
sfn Toda theory, which can be described by the Lagrangian L = (9¢,d¢) + Zf\; L ebleid)
where the field ¢(z,z) and the simple roots e; live in the N — 1-dimensional root space
of sln. (See for example [6] for details.) It is therefore natural to investigate whether
correlation functions of that theory have a simple relation to correlation functions of other
models in the family. Such a relation would be a welcome simplification: for instance, in
the s family, we would trade 8 bosons of the SL(3,R) WZW model for the 2 bosons of
sf3 conformal Toda theory.

The investigation of the sfy~o families is motivated both from the appearance of
groups of rank higher than one in many interesting string theory backgrounds, and from
the observation that theories in the sfy-o families are qualitatively more difficult, and
more generic, than theories in the sfy family. This is due to features like: infinite fusion
multiplicities, correlation functions involving degenerate fields without obeying nontrivial
differential equations, and structures constants which can probably not be written in terms
of known special functions [6]. These are serious obstacles in the way of solving such
theories. Nevertheless, we do know a strong explicit constraint on the correlation functions
of all models which have the full s/tﬁ\v symmetry: they obey KZ equations. The aim of
the present article is therefore to determine whether the sf3 KZ equations are related to
some null-vector equations in conformal sf3 Toda theory, which follow from its symmetry
algebra Wjs.

In analogy with the sy case, we will look for a relation based on Sklyanin’s separation
of variables [7]. As the KZ equations are closely related to the Gaudin Hamiltonians, we
will use Sklyanin’s separation of variables for the quantum sf3 Gaudin model. Before using
it, we will actually have to work it out, as this has apparently not been fully done in the
existing literature. A rather close starting point is available though: the separation of
variables for the s/3 Yangian model [8].

Let us now sketch the correlation functions we are interested in and the relation we are
aiming at. Consider a theory with an 8/\63 symmetry algebra at level k. We are interested
in correlation functions of generic s/f\g affine primary fields ®(z|z), where the spin j labels
sl3 representations, the variable x is a generic isospin coordinate (a triplet of complex
numbers), and z is a coordinate on the complex plane where the field lives. We denote an



n-point function of such fields as

Q, = <H @ji(xl-|zl-)> . (1.1)
i=1

We will seek to relate such correlation functions to fairly particular correlation functions in
a theory with a W5 symmetry algebra at parameter b = (k — 3)7%, which involve not only
n generic Wjs-primary fields V. (z;) corresponding to ®%i(z;|z;), but also 3n — 6 degenerate
fields V_y-1,, (yo) with the special value —b~1w; for their W5 momentum:

3n—6
<H Vb1, (Ya) HVai(zi)> : (1.2)

The number of degenerate fields is of the order of 3n, which allows their worldsheet positions
Yq to (approximately) correspond to the 3n components of the isospin variables 1 - - - z,.
This will also allow Q,, to obey some differential equations which may be related to the
KZ equations for ,,. Moreover, the tentative relation between (2,, and Qn will involve a
simple twist function

O, H yb)‘HH —z,“H zi —25)" (1.3)

a<b 1<J

for some constants A, i, v to be determined in terms of the level k of our 3/6\3 algebra; and the
integral transformation K with integration kernel K ({z;}/{ya}, U|{z:}) which implements
Sklyanin’s separation of variables, and may therefore depend on the spins j; but not on
the level k. We will then investigate the validity of the conjecture 2, LK. 0,0, =
[dUT], dya K - ©,Q,, or more explicitly

O ({zi}{z}) /dUdea ({zitH{ya}, UlzY) - On({ya} {2 ({ya}{z}) - (1.4)

The meaning of the equivalence ~ here is that both sides obey the same differential equa-
tions. If true, this equivalence may then be promoted to a relation between physical cor-
relation function of specific models, like the relation between the ng model and Liouville
theory [1], but this is not the focus of the present article. This is why we do not worry about
such details as the dependence of the correlation functions on antiholomorphic variables.

The article will start with a brief review of the KZ equations and other Ward identities
in conformal field theories with s/tﬁ\v symmetries, where we will explain how the Gaudin
Hamiltonians appear in such equations. We will then review the KZ-BPZ relation in the
sy case; the reader is not advised to skip that section as the KZ-BPZ relation is presented
in a form suitable for generalization to sf3. In the sf3 case, we will then find that the
conjecture (1.4) holds only in the critical level limit £ — 3.

2 Gaudin hamiltonians in conformal field theory

We will review how the Gaudin Hamiltonians appear in Ward identities obeyed by cor-
relation functions in conformal field theories with an sfy symmetry algebra. The Ward



identities associated to the stress-energy tensor T7(z) lead to the KZ equations, which
involve the ordinary Gaudin Hamiltonians. The Ward identities associated to the cubic
field W7 (z) involve higher Gaudin Hamiltonians.

2.1 Knizhnik-Zamolodchikov equations

The affine Lie algebra 3/&\\7 is an infinite-dimensional extension of the simple Lie algebra

b

ab and its metric k% are defined

sln. The generators t* of sly, its structure constants f2°,

by the relations
%) = fehe . wP=Tre et = 2NkR (2.1)

where here and in the following the trace Tr is taken in the fundamental representation,
so that our metric k% coincides with the renormalized Killing form of [9](13.13). The
affine Lie algebra sfy can be formulated as the algebra of currents J?(z) with the operator
product expansion

kb pJC(w)

Gowe fe

where the parameter k is called the level, and the normal-ordered product (J%J°)(w)

J(2) I (w) = — + (JT%) (w) + Oz — w), (2.2)

zZ—Ww

is defined by the present formula. Conformal symmetry follows from the existence of
2"
a Virasoro algebra with central charge ¢ = %, generated by the Sugawara stress-

energy tensor

TI(z) = —ﬁ(ﬁj“)(z), (2.3)
where J%J® is a shorthand for kg J?J°. The identification of T7(z) with the generator
of conformal transformations will be at the origin of the KZ equations. These equations
are satisfied by any correlation function (1.1) of n affine primary fields ®7i(x;|;) on the
complex z-plane, where the spins j; label representations of sy, the isospin variables x;
label the states in a given representation, and the complex numbers z; are positions on
the Euclidean two-dimensional spacetime. The affine primary fields are defined by their
operator product expansions with the currents J%(z),

D®J (z|w)

zZ—Ww

J7(2) (alw) = +o), (2.4)
where D% provides a realization of the representation of spin j in terms of differential
operators acting on the isospin variables z, so that [D? D] = f2D¢. We will keep this
realization arbitrary, without committing to any particular choice of isospin variables. Let
us however give an example of such a choice in the sfy case:

0 0

o)
D? =z — Dt =a?— — 2jx . (2.5)

Di:(?—x ’ or 7 oz

The KZ equations are now obtained by inserting 7/(z) into the correlation function €2,,,
and using the conformal Ward identity for 77(z) on the one hand, and the affine Ward



identities for (J*J%)(z) on the other hand:

Ta ~( Lw g
<TJ(Z)H‘1>ji(xi|zi)> => ((Z T —2-) 0,
i=1 i=1 ! !
_ L P - P (2.6)
Q(k—N)izlz—zizzlz—zg " '

where the subscript (i) in D?i) indicates that it acts on the isospin variables x;, and by

definition L; (1) Is the p-th mode of T7(z) acting on ®7(x;|2), according to

Lgfbj(x]z) = 2%” Y{dw (w — 2P T (w) DI (2]2) . (2.7)

z

Calling A’ the eigenvalues of L7, such that Lg (i)Qn = A;’i Q,,, we first deduce from eq. (2.6)
the expression for A; in terms of the quadratic Casimir Cy(j) = D*D® of the sy repre-

sentation with spin j,

Ca(j)

J=__2U)
8= TNy

(2.8)

Now T (z) is assumed to generate conformal transformations, and in particular L7’ 1 (i)Qn =

%Qn. (We define % = % as a derivative at fixed isospin variables.) Together with
7 7 T :L.Z

eq. (2.6), this implies the KZ equations [10]

5 Dy D
(k=N)s—Qu=-HQ, , H= 3 Z(%Z(g) , (2.9)
T Z;é T

The n commuting differential operators H; are called the Gaudin Hamiltonians. Through
its dependence on D?i) and D&), each one of the n Hamiltonians involves all of the n isospin
variables x;, which makes the problem of their simultaneous diagonalization difficult. This
difficulty will be solved by Sklyanin’s separation of variables, which replaces the isospins
x; with new variables y;, and combines the Gaudin eigenvalue equations into an essentially

equivalent set of equations, each of which involves only one of the new variables.

2.2 Ward identities for the cubic field

In addition to the quadratic invariant tensor x® = Tr %, it is possible to define the fully
symmetric cubic invariant tensor

de = Tr (1%°4€ + t44°t°) . (2.10)

This tensor vanishes in the case of s¢5, but not in the cases of sfn>3. It can then be used
for constructing the invariant cubic field

(k—N)z

WY (2) = 2p dae(J*(TT))(2) . p (2.11)

=



This generalizes the Sugawara construction (2.3), with however two substantial differences.
First, while the field T(z) is interpreted as the generator of conformal transformations,
there is no such geometrical interpretation for W”(z). Second, while the field 7/ (z) obeys
a Virasoro algebra, the field W7 (z) does not obey the higher Wy algebra [11]. In other
words, while the Virasoro algebra can be realized as either a coset of s/\ﬁg or a subalgebra
of the enveloping algebra of @ (albeit with differing central charges), the Ws algebra
is a coset of 3/6\3 but not a subalgebra of the enveloping algebra of @
In analogy with eq. (2.6) we now have

n n WJ ) WJ ] WJ A
T TT @ (2s]2) ) = 0.(0) ERONLE TOR N

i=1

1 Dl & Dy & Dim
= - Q 2.12
6pdabc;z—zizz—zgmzlz—zm o (212)

=1
where by definition Wp‘] (i) is the p-th mode of W7(z) acting on ®Ji(x;|z;), according to

, 1 A
Wp‘]qﬂ(ﬂz) =5 j{dw (w — 2)PP2W (w) D (z]2) . (2.13)
i ),
Calling ¢/ the eigenvalues of W(;] , such that Wé] (i)Q" = qui Q,, we first deduce from
eq. (2.12) the expression for q}l in terms of the cubic Casimir C3(j) = dupe(D*DPD° +
D®D¢Db) of the sfy representation with spin 7,

1 )
aj = 5p Cs(4) - (2.14)
We further deduce
1
Wl]L(i)Qn = 5P HiQ,, (2.15)
1
W7y Q= 5P H!'Q,, (2.16)

where the differential operators H] and H! are higher Gaudin Hamiltonians, whose explicit
expressions in terms of D&) can easily be derived from eq. (2.12). But, in contrast to L7,
the operators W~/ 1 and W;’Q are not interpreted as differential operators with respect to
z. The equations (2.15) and (2.16), which generalize the KZ equations, are therefore not
differential equations, and they will therefore not help us test our conjecture. Nevertheless,

they will naturally appear in certain formulas.

3 Review of the sf; case

In this section we will review the relation between the sfo KZ equations and BPZ equations.
This was originally found by Feigin, Frenkel and Stoyanovsky [3], using Sklyanin’s separa-
tion of variables for the s¢y Gaudin model [7]. However, the original derivation relied on a
particular choice of the isospin variables. This choice of isospin variables makes the result



remarkably simple, but has no analog in the s/3 case, as we will show. We will therefore
reanalyze the sy case, using whenever possible objects which do have analogs in the sf3 or
even sl cases. We will present systematic derivations of their relevant properties, which
will help clarify whether and how they can be generalized to the sf3 case.

3.1 Separation of variables for the s/, Gaudin model

Let us consider a system of n representations of 862 with spins ji---j,. Consider the
associated quantum variables D&) such that [D¢ Gy (J ] = 0jj f“ch with D?)Df‘z) = Co(j;).
The system comes with parameters zj --- z,. Sklyanin’s separatlon of variables for this
system involves three ingredients:

1. A function B(u) of an arbitrary variable u (the spectral parameter), whose zeroes
are the separated variables y;, so that B(y;) = 0;

2. Another function A(u) such that p; = A(y;) is the conjugate momenta to y;;

3. A kinematical identity, called the characteristic equation, which for any given i relates
y; and p;.
We now briefly review the construction of these three objects in the sfy case. They are

built from the sfy Lax matrix

n taDa

_ (2)
I(u) = — 1
w=-3 2. (31)
whose matrix elements I (u) obey the identity
(u = 0)[I3(u), I5(0)] = 0I5 (u) — 6315 (u) — 0515 (v) + 0515 (v) - (3-2)
With the particular choice eq. (2.5) for the sfy isospin variable z, the sfy Lax matrix is
explicitly
Zz u—2z; 19x; . Z?: ﬁ%
I(w)=—| 2= 2<a ) L TR (3.3)
Dot u z, ( Ty fa; — 2Jz$z> =3 il m (mia_a:i _]z’)
Now choosing
B(u)=Ii(u) , A(u)=Ii(u), (3.4)
it is easy to check that
[B(u), B(v)] =0, [A(u), A(v)] =0, (3.5)
(u—v)[A(u), Bv)] = B(v) = B(u) . (3.6)

These relations ensure that the operators y; defined as the zeroes of B(u), and p; = A(y;),
do satisfy

Wi,yil=0 [Pyl =05 » I[pi,pjl=0. (3.7)



B(v) [Li(v=yi)

In particular, [p;, B(v)] = —— agrees with B(v) [[-(o=s,) Thereis however a problem of
j J

yi—v
operator ordering in the expressions A(y;) and B(y;), because the separated variables y; are
operators. This problem is dealt with in reference [7]. We will ignore it in the forthcoming
heuristic derivation of the characteristic equation. Let us start with det (A(y;)id — I(y;)) =
0, where id is the identity matrix. (The determinant of a matrix whose first line vanishes
is zero.) This implies p? — %(Ig[‘é‘)(yl) = 0. This characteristic equation can easily be
rewritten as

p%_E%:%%QQ__E: L my,—o, (3.8)

2 yi — zp)?

where Hy is of course a Gaudin Hamiltonian (2.9), and Cs(j) is the quadratic Casimir of
a spin-j representation.

Functional space interpretation. We now wish to consider the quantum variables D&)
as differential operators acting on functions W({x;}) of isospin variables x;. (An example
of such a realization was given in eq. (2.5).) Similarly, the separated variables y, and their
associated momenta p, may act on functions U({y,}), in particular p,¥ = aiy[\if The
separation of variables {z;} — {y/},U (where the extra variable U will be defined shortly)

is then intepreted as an integral transformation I such that
W({a:}) = K W) 0) = [0 [ TLdu K 0) Wl V), 39)
l

where the kernel K is characterized as a common eigenvector of the commuting operators

B(u)

[(u — yz))
B(u) - Uz | K({z; ,U)=0. 3.10
(B0~ U =) Kt 0) (3.10)
The simultaneous diagonalization of the Gaudin Hamiltonians H};, namely the set of equa-
tions (Hy — E¢)¥ = 0, can now be reformulated using the characteristic equation (3.8),

which implies

92 1 Ca(je) E, -
——-—E —§ U= 11

The solutions of this equation can be found in factorized form ¥ = ], 4(y;). This justifies
the name “separation of variables” attributed to the change of variables z; — ;.

Some remarks. Finding the kernel K by the simultaneous diagonalization of the opera-
tors B(u) is easy in the sfy case because B(u) = I?(u) is a sum of n commuting operators,
so that we have K({z;}[{y/},U) = 1\ ki(zil{ye}, U) where the the equation on k; is
obtained from eq. (3.10) in the limit u — z;:

U Hz(zi —Yr)

«wﬁ@yuﬁm@MWLWZO, i Toi—a) (3.12)



For example, if the isospin variables are chosen as in eq. (2.5), then we find k; = e Hi%:,
This suggests that we could use other isospin variables fi; such that DEIZ.) (t*)? = —fi;, then
we would find k; o< 0(fi; — p7), so that we could explicitly perform the integrals in eq. (3.9).
This would lead to W({f;}) o< ¥({y,}, U) with simple proportionality factors, as the change
of variables {/i;} — ({y¢}, U) would now be local and described by the functions p;({y¢}, U).
More generally, for any choice of isospin variables, the kernel K will be of the type

n

K({ei}{yeh. Ulz}) = [T ki (@il {i}) (3.13)

i=1

where 1;({ye}, Ul{2;}) is defined in eq. (3.12), and we made the z;-dependence explicit.
Thus, in the sfy case, the kernel K can be determined explicitly, and this is because the
operator B(u) is a linear function of the Lax matrix I(u).

Let us finally be more precise about the number of variables y,. They are defined as
the zeroes of a rational function B(u) which, barring extra constraints, has n poles and
degree —1. Therefore we must have n — 1 such variables, and the nth variable U is the
eigenvalue of —(t*)2 Y7 | D.. In conformal field theory applications, we however impose
the extra constraint ) . , D“ = 0, so that B(u) has degree —2. This yields n — 2 variables

(i)
{Ye}o=1..n—2, and U is the eigenvalue of —(t*)2 >°1 | 2; Dy

3.2 The sf5 Knizhnik-Zamolodchikov equations in Sklyanin variables

We just saw that Sklyanin’s separation of variables is useful tool for simultaneously di-
agonalizing the sfo Gaudin Hamiltonians. This problem is closely related to the problem
of solving the KZ equations (2.9), which are obtained by replacing the eigenvalues of the
Gaudin Hamiltonians H; with —(k — 2)6%, This suggests that it may be interesting to
rewrite the KZ equations in terms of Sklyanin’s variables. To do this, we will use the
characteritic equation (3.8) which such variables obey, and apply it to K ~1€,, which is a
function of {y;}, so that p;,K~1€Q,, = e 0_rc=1(),. While itself just a kinematical identity,
the characteristic equation then allows us to reorganize the K7 equations as

1 9 K1
—_— Q, .14
(k—23y2+;:;y—25 52’/C+Z —Zg )IC (3.14)

2?1392)) from eq. (2.8). We still have

to perform the change of variables on the z,-derivatives at fixed isospins, i.e. to rewrite
-1 § s s of O = 0
K EIC in terms of 9 = 9z

Ya
the kernel (3.13), where the dependences on {y,},U and {z/} are channeled through the
particular functions {p;}. This implies that the integral transformation (3.9) just adds

where we drop the index from y;, and we use A}J = —

. This is rather easy because of the particular form of

first-order differential operators a%a, % to 557[, so that

ou
8Zg

9 (3.15)

1 0 0 oy,
1 v _ YJa
K +) U

9
5Zg 8Zg 3Zg " 0




Denoting {y.} = {y, {ys}}, we obtain the KZ equations in Sklyanin variables,

1 9 -1 <a a> 1 (a a)
—a5+ o)+ oo
<k—23y2 ;y—z/z Oz Oy ;y—yb Ay Oy

n J
+Zi2 K1Q,=0. (3.16)
—1 (y — =)

In this equation the variables are no longer separated, as the variables y;, appear in addition
to y.

3.3 Comparison with Virasoro null-vector equations

In the previous subsection, we have studied the KZ equations in a CFT with an 8/\62 Sym-

metry algebra at level k. We will now compare them with null-vector equations in a CFT

1
—~ 72.

This is the Virasoro algebra which would be obtained from our sl algebra by quantum

with a Virasoro symmetry algebra at central charge ¢ = 1+ 6(b + b~')? where b% = %

Hamiltonian reduction (see for instance [11]), although that reduction does not explain the
relation between differential equations which we are about to review.

The Virasoro algebra can be formulated in terms of the stress-energy tensor T'(z),
which obeys

e N 2T (w) +8T(w)

()T (w) = C-—w)! z-—w?  z—w

+0(1) . (3.17)

Primary fields V,,(w) of momentum « and conformal dimention A, = a(b+b~! — ) are
defined by

_ AgVa(w) | Va(w)

T(2)Va(w) 5

+0(1) . (3.18)

(z —w) z—w

This definition does not distinguish the primary fields V, and V}3-1_,, which have the
same conformal dimension. These fields are therefore assumed to be proportional, with a
proportionality constant called the reflection coefficient. This Zo symmetry can be under-
stood as the action of the Weyl group of sfs on the space of the momenta a.

The Virasoro representation generated by the degenerate field V_ s is known to have
a null-vector at level two Namely, (L_o +b*L% )V L= 0, where the modes L, are defined
as in eq. (2.7). This implies that correlation functions involving such a degenerate field
obey the Belavin-Polyakov-Zamolodchikov equation [12]

P =1 0 = A o
b - o wi(z:) ) =0 1
o7 +izly_zi 7 +izl G <V21b(y)HVl(z)> 0 (3.19)

i=1

Curiously, this equation is formally identical to the variable-separated KZ equation (3.14).
The meaning of this formal similarity is not clear to us. The KZ equations in Sklyanin

,10,



variables (3.16) actually involve n — 2 variables y; - - - y,—2, therefore we should rather
consider correlation functions of the type

n—2 n
Qn_< V. 1(ya)HVai(zi)> . (3.20)

a=1 i=1

We then expect such correlation functions to be related to 2, (1.1) as in equation (1.4).
That equation means that the twisted BPZ equations satisfied by ©,(, are identical to
the KZ equations in Sklyanin variables (3.16). This can indeed be checked by explicit
calculation, provided we correctly specify the function ©,, as well as the relation between
sty spins j; and Virasoro momenta «;. Requiring that the a — j relation is compatible
with the respective Weyl symmetries j — —j — 1 and o — b+b~! — o, and that conformal

dimensions A;’ = —j(kj%;) eq. (2.8) and A, are related by a constant shift, determines
the relation
1
=b(j +1 Ay =A] — . 21

We still have to specify the values of the parameters A, u, v in the ansatz (1.3) for the
function ©,,. We could determine these values by requiring the twisted BPZ equations to
agree with eq. (3.16), and we would find

1 1 1

o 0 Mg o Vg (3:22)

There are simple concurring arguments for the values of A\ and v. First, the value of \ is
determined by the requirement of continuity of ©,Q, at y, = y,. This requirement plays
an important role in the boundary H; model [4]. Second, the value of v follows from
checking equation (1.4) in the simplest case n = 2, when there are no y, variables and no
BPZ equations.

Let us now comment on this twist function ©,, and its relation to free field correlation
functions. In this paragraph we will consider full correlation functions with dependences
on both holomorphic and antiholomorphic variables, and the full twist factor which is thus
|©,]?. With the above values (3.22) for A, i, v, we observe that the inverse twist factor
|©,,|~2 coincides with the free field correlation function formally obtained from €2, by taking
the fields Vj, (2;) to have momenta «o; = 2%) instead of oy; = b(j; +1) + 2%) This means

n free
109,72 = <HV1 H ibzz> . (3.23)

This interpretation of ©,, plays a role in a recent proof of the FZZ conjecture [13], see
also [14]. For now, let us explain the origin of this observed relation by studying the b — 0
limit of the H;—Liouville relation. This relation can be written as €2, ~ ICIC|@n|2§~2n,

whose factors we now analyze:

e The Liouville correlation function €2, reduces to <HZ;12 Vo1 (yo) [, Vo (zz)> as
2b 2b
b — 0. And it turns out that this coincides with a free field correlation function, be-
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cause the momentum conservation condition is obeyed. Namely, the sum of the mo-
menta is (n—2) X _ZLb +nx 2%) = % which coincides with the dominant term in the Liou-
ville background charge % +b. Therefore, according to standard path-integral reason-

~ free
ing in Liouville theory [15], we have €, ot R, <HZ;12 Vo1 (ya) [T, Vﬁ (zz)> =

2b

1
Fn H(yaljz(;i/;ﬁz(iz)i—zj-) " where R, is b-independent.

e The H;' correlation function 2, is expected to have a finite “minisuperspace”
limit [16] as b — 0 which is equivalent to k& — oo where k is the level.

e The separation of variables K is b-independent by definition.

e So the twist factor |©,,|> must absorb the b — 0 divergence of the Liouville correlation
function 2,,, which implies the relation (3.23) and the values (3.22) for the parameters
A, i, v. (This reasoning does not exclude the presence of extra terms in A, p, v which
would be finite in the b — 0 limit.)

This concludes our reminder of the KZ-BPZ relation in the sf5 case. In the next section
we will analyze the sf3 KZ equations along the same lines.

4 The sf3 case

4.1 Separation of variables for the s/3 Gaudin model

To the best of our knowledge, the full quantum separation of variables for the sf3 Gaudin
model has not been derived yet. By the full separation of variables we mean the deter-
mination of A(u), B(u) and a characteristic equation, like in the sfy case.! Sklyanin did
however derive the full separation of variables for the classical s5 Gaudin model [18]. In or-
der to derive the quantum version, we will use Sklyanin’s separation of variables for models
with an sf3 Yangian symmetry [8], see also [19] for a generalization to sfx. This Yan-
gian symmetry is present in the Gaudin model, which will allow us to derive its quantum
characteristic equation from the Yangian’s.

sf3 Yangian symmetry. As in the sfs case, the variables of the sf Gaudin model can
be combined into an sfy Lax matrix I(u) (3.1) obeying the relation (3.2). It is however
possible to combine the variables into another sfy matrix, which depends on an extra
parameter 7,

: /r] a a 3 /r] a a 3 /r] a a
Y (u) <1d . th D(1)> <1d —a zgt D(2)> <1d - Znt D(n)> (4.1)
1 1
:id+77](u)+§772:]2:(u)—i—énng?’:(u)—l—---, (4.2)

where the definition of the normal ordering in : I? : (u) and : I? : (u) follows from the
chosen ordering of the factors of Y (u). This object can be shown to obey the Yangian

LA different approach was proposed in [17], which consists in trying to use the s separation of variables
in the sf3 case. This approach requires a particular choice of isospin variables. The results are complicated.
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algebra
(u = )Y (W)Y5(v) + 0¥ (w)Y (v) = (u—0)Y5(0)Y (u) + Y5 (0)Yg (u) . (4.3)
Sklyanin’s separated variables y, for the Yangian [8] are defined as the zeroes of a function
BY (u) = Y3 () Yy (w) Y5 (u =) = Y3 (u) Y3 ()Y (u = 1)
+ V3 (W)Y (u)Y] (u —n) = Y3 ()Y ()5 (u—n), (44)
while the conjugate variables are given by X; = AY (y;) where
AY (u) = Yy (u) = Y3 (uw — )75 (w =) Y{ (u), (4.5)

Let us point out that interesting structural insight into these formulas for AY (u) and BY (u)
was obtained in [20], based on general properties of matrices with non-commuting elements.
The functions AY (u) and BY (u) obey the commutation relations

)
[AY (w), AY (v)] = 0,

[BY (u), BY (v)] = 0, 4.6
A (), BY 0)] = BY (@AY (0) Y- ) ¥R (4.7)
Y2 - n)Y2() — BY (0)AY (u),
so that
i, y;] =0, [Xisysl =06 Xs . [X;,X;]=0. (4.8)

The quantum characteristic equation is then
X7 = X2t (i) + Xita(yi —m) — d(y; — 2n7) =0, (4.9)
with the invariant operators t1(u), ta(u) and d(u) defined as [8]
ti(u) =Tr Y(u) , to(u)=TrY(u) , du)d) =Y (u) ~g(u +n), (4.10)

where the matrix Y is constructed by transposing the quantum comatrix of Y. For instance,
Yi(u) = —Y2(u)Y{ (u+n) + Y (u)Y2(u+ n), where the n-shifts are the manifestation of
the quantum character of the comatrix whose 3 matrix element we just wrote. Operator
ordering issues in expressions like t9(y; —n) are resolved by inserting the operator y; from
the left.

From the Yangian to the Gaudin model. We will now construct objects A(u), B(u)
and a quantum characteristic equation for the sf3 Gaudin model. Such 7-independent
functions of the matrix I(u) will be obtained by expanding the corresponding objects for
the sf3 Yangian algebra in powers of . We find
I11?
AV (u) =1—=nA(u) +O0(n?),  A(uw)=-I{ + “7 (4.11)
3

BY (u) = n’B(u) + O(n*), B(u) = LI - BI3 15 + I — T I,  (4.12)

,13,



where we omitted the spectral parameter u in 17 (u), and we point out that our formula for
A(u) is free of ordering ambiguities because I3(u) commutes with both I?(u) and I3 (u).
The commutation relations (4.6) for AY (u) and BY (u) imply the analogous relations

[A(u), A(w)] = 0, [B(u), B(v)] =0, (4.13)
I3 (v)I3(v)

(v = 0)lA(), BE)] = Bl) = B3 o8

(4.14)

which may be compared to the corresponding relations in the sl case eq. (3.6).
Let us rewrite the characteristic equation (4.9) as:

(Xi —1)° = (Xi = 1)* [t (ys) — 3] + (Xi — 1) [ty — 1) — 2t1 (i) + 3]
+[1—t1(y:) +ta(yi —n) —d(yi —2n)] = 0. (4.15)

The leading behaviour of this equation as  — 0 will turn out to be O(n?). To compute
this behaviour, we of course need to compute the behaviours of X; and y; as n — 0. It
turns out that we only need the O(n) behaviour of X;. We therefore define the variable
pi by X; = 1 —np; + O(n?). As for y; we only need need the leading O(1) behaviour.
To this leading order, the zeroes of BY (u) coincide with those of B(u), so that we do not
need distinct notations and call them all y;. The most complicated part of the calculation
however does not involve such subtleties, but rather deals with the last term in eq. (4.15),

1—t1(u) + to(u—mn) — d(u —2n) (4.16)
= (1= Y7 (u—20) (Y3 (u = n) = Y5 (u) + (Y{' (u — n) = ¥{' (u — 29))Y5 (u)
H(Y] (1 = 2) = DY (u = 0)Y5 () + (Y1 (u =) = DY5(u) + (1 = Y{'(u))
H(V3 (u = 2n) = )Y (u = )Yy (u) = Y5 (u = 20) Y7 (u — ) Y5 (u
—Y12(U - 277)Y31(U - U)YQ?’(U) + Y13(U - 277)}/:‘51(1‘ - U)YQQ(U) - Y13(U - 77)Y31 ()
=0 [-NEE+ LEE + BRI + BLEL - LI — 13T
()3~ L)y = LT3 — () — (I")i] +Or)
where we omitted the spectral parameter u in Ig (u), and used the sf3-defining relation

I +13+ Ig = 0. We then obtain the following quantum characteristic equation of the sf3

Gaudin model:
3 1 B ra 1 B ray/ 1
p; —Dpi- §(Iafﬁ)(yi) + Z(Ialﬁ) (i) + 6

Notice that the particular cubic invariant which appears in this formula is related to the

(Igfgfg + Igfgfg) (i) =0. (417

fully symmetric invariant tensor dgp. eq. (2.10). Using the definition (3.1) of I(u), we
indeed have

" Dfy & D&) ", Df,,
(A m
<I§Ig13 + 151513> () = —dape y_ —L 5" — - o (4.18)
i=1 tp=1 m=1 m

This could further be expressed in terms of the higher Gaudin Hamiltonians of sec-
tion 2.2, so that the characteristic equation could help simultaneously diagonalize

these Hamiltonians.
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Some remarks. Like in the sl case, Sklyanin’s change of variables can be interpreted
as an integral transformation K (3.9) acting on a functional space. The kernel K of K

now obeys

[To(u—ye)

(B(u) U

>K({xi}\{yz},U) =0. (4.19)

However, the simultaneous diagonalization of the commuting operators B(u) is now a
difficult problem, as B(u) is now cubic and not linear in I(u), and thus no longer a sum of
n commuting operators. Therefore, the kernel K is no longer of the form (3.13). Certainly,
no choice of isospin variables exists such that the kernel K has a simple expression. Another
difference with the sf5 case is the counting of variables: generic functions of the sf3 isospin
coordinates x; should correspond to functions of not only y; and U, but also of two extra
variables. These extra variables are necessary for the transformation I to be invertible.

2

We will neglect this issue,” as well as the issue of precisely defining the relevant functional

spaces, and we will assume K to be invertible.

Let us finally determine the number of separated variables y; — that is, the number
of zeroes of B(u). Barring extra constraints, this is of course 3n — 3. In conformal field
theory applications, we however impose the extra constraints » ;" D?i) =0, so that I(u)
has degree —2. This does not immediately imply that B(u) (eq. (4.12)), which is cubic in
I(u), has degree —6, because » ., D?i) = 0 only holds when directly applied to a physical
correlation function, and the matrix elements of I(u) generically do not commute with each
other. Rather, the degree of B(u) depends on its precise form and should be evaluated by
explicit calculation. We find that each one of the four terms of B(u) has degree —5, while
B(u) itself has degree —6. This means that there are 3n — 6 separated variables. Therefore,
as in the sy case, the number of separated variables vanishes for n = 2.

4.2 The sf3 Knizhnik-Zamolodchikov equations in Sklyanin variables

Let us consider a conformal field theory with an s/f\g symmetry algebra. The Ward identities
consist in the n KZ differential equations (2.9), plus 2n extra non-differential relations (2.15)
and (2.16), which express Wil,(i) and W;]Z(i) in terms of differential operators acting on
isospin variables. Let us reorganize all these relations by injecting them into the charac-
teristic equation of the quantum sf3 Gaudin model (4.17). The result is schematically of
the form

o3 o 1 J 1. e
6—y3+(k—3)6_y'T (y)—g(k—?’)aT (y)—;W ()| K =0, (4.20)

2A construction of the extra variables seems to be available in the article [21].
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where the constant p was defined in eq. (2.11). Explicitly,

g 0 1 5 Af

— 4 (k—3)—_. 1 _Ji

o T Vg, Z.E;I(y—zi'c = —zi>2>
1 < ) 207
§(k 3); ((y— Zz‘)ZIC 5—%IC+ (y—2)?

IWJ HK K=tw

1 Z . wok 4
— Zj (y - Zz)2 (y - Zi)3

where €2, is still an n-point function of the type (1.1).

K10, =0, (4.21)

In this equation, the terms involving W7 1,6) and W;IQ’(i) refer to correlation functions
involving descendents of the primary fields ®7(u|z). We have little control over such non-
differential terms, and we would like to ignore them in the following. This could be done
by considering appropriate linear combinations of our 3n — 6 equations. (Remember that
the variable y spans the 3n — 6 separated variables {y,}). We will for simplicity adopt the
alternative approach of working modulo the unwanted terms. Let us make this precise by
defining the space Dg of differential operators in y,, z; (including functions of y,, z;) which
are symmetric under permutations of {y1,y2 - ys,—g}. For any choice {y,} = {y,yp} of a
distinguished variable y we further define

n

Faly) =) . -Ds + Z %Ds : (4.22)

i=1

By a simple counting of variables it can be realized that any differential operator

which is symmetric under permuations of {y»} does belong to F3(y) = >.;, s L Dg +
Sy ==L Z) sDs + Y i | == Ds. But it does not always belong to Fa(y), so we can

define a nontrivial equlvalence ~ as the equality modulo F5(y). Thus, equation (4.21)
simplifies to

O 0 k-3, (k- 3AJ pq] (k: 3)A .
_ Q, ~
AT T E IR Y
(4.23)
Having thus eliminated W+ 1,6) and W;’ 5, (i) We are left with operators , which we recall

are z;-derivatives at fixed isospin variables. We expect K~ 15%2,IC to be a comblnamon of the
operators 8‘9 , % and a%, although we do not know how to compute it. And it is not clear
whether K1 5 IC is a first-order differential operator, as happened in the sfy case (see

q. (3.15)). Nevertheless we do know that K~* 5 5..K is independent from the level k, which
is a parameter of our conformal field theory but neither of the Gaudin model nor of its
separation of variables. Therefore, we will still be able to extract useful information from
eq. (4.23), a sum of terms with various power-like dependences on (k — 3), by considering

all terms which are not linear in (k — 3).
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4.3 Ws null-vector equations

Let us first briefly explain why we try to relate conformal field theories with an 3/6\3 symme-
try at level k to theories with a W3 symmetry at central charge ¢ = 24 24(b+b~1)? where

9 1

b = 3" (4.24)
A theory with an 5/[3 symmetry like the sl3(R) WZW model can be written in terms
of eight quantum fields, as sf3 is eight-dimensional. However, affine s/\fg highest-weight
representations are parametrized by just two numbers, namely the two components of the
sl3 spin j. This suggests that the non-trivial dynamics of the theory really take place in a
two-dimensional space, where j would play the role of the momentum. There exists such
an sf3-based theory which involves just two interacting quantum fields: the conformal sf3
Toda theory, which has a W3 symmetry algebra. The correct parameter b for this algebra
is suggested by the Drinfeld-Sokolov reduction, which realizes W5 as a kind of coset of the
3/6\3 algebra.

W3 algebra and primary fields. Referring to the review article [11] for more details,
we recall that the W algebra is spanned by the modes of the fields T'(z) = 3, .7 Lnz ™" "2
and W (z) = Y¥,c7 Wnz"" 3. Let us write the defining relations of the Wjs algebra in
the form of commutation relations for the modes L,,, W,, rather than operator product
expansions for the fields T'(z), W (z), as this form is more convenient for finding null vectors
in representations:

(Lo, Ln] = (m — 1) Lygn + 1—02m(m2 — )mino, (4.25)
[Li, W] = (2m — n)Wiqn (4.26)
(22+5¢) ¢ 9 9
ms Whn| = ———5— -1 — 4)0pmtn
(2245¢c)m—n{ 5 o 1 1
+ 8 = (m +n°— 5~ 4 ) Lypin + 3 (m—n)Apin, (4.27)

where we introduce, using the normal ordering : L,, L, := Ly, L, if m < n,

zo0 = (14 0)(1 = 1)

v = 421 —0 )

1 .
A, = % :LyLyn —i—g:UmLm with {
n

A primary fields V,, of the Wj algebra of momentum ¢, conformal dimension A, and charge
o is defined by its operator product expansions with 7'(z) eq. (3.18) and W (z):

_ @Va(w)  WaVa(w) | WooVa(w)

(z —w)3 (z —w)? Z—w

W (2)Va(w)

+0(1). (4.29)

The momenta « now belong to the two-dimensional root space of the Lie algebra sf3. A
basis of this space is provided by the simple roots e;, es whose scalar products appear

(e1,e1) (61,62)) _ ( 2 1

(es.e1) (e2.69) 9 ) We may also use the dual basis w; =

%el + %62, Wy = %61 + %62 such that (e;,w;) = d;;. We decompose the momenta along this

in the Cartan matrix (
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dual basis: a = ajw; + aaws, and we introduce the vector Q = (b + b~1)(e; + e3). The
conformal dimension and charge are parametrized in terms of the momentum as

A, = %(a, 2Q — ), (4.30)
o = 217[@1 — @][201 + a2 = 3(b+ b~ 1)][ar + 200 —3(b+ b)) . (4.31)

W3 degenerate fields. Let us now justify the choice of the field V_;-1,, in the cor-
relator Q,, (1.2) which appears in our conjecture. We wish Q,, to obey third-order dif-
ferential equations, which would correspond to the sf3 KZ equations in Sklyanin vari-
ables. This suggests that we use the simplest non-trivial degenerate fields, which have
null vectors at levels 1, 2 and 3. But there are actually four such degenerate fields, with
a € {—bwy, —bwy, —b~lwy, —b"lws}, whereas we want only one of them to appear in Q,
because the original isospin variables are invariant under permutations of the Sklyanin
variables.

By analogy with the sfy case, we focus on the fields V_j-1,, and V_,-1,,, whose
momenta go to zero in the critical level limit & — 3. They are related to the other two
fields by the Wy algebra self-duality b — b~!, which is however not an invariance of the
3/6\3 algebra. And they are related to each other by the Dynkin diagram automorphism
w1 <> we of sl3, which acts on general primary fields V,, as (A4, ¢a) — (Aa, —¢a). This
symmetry does have a counterpart in the separation of variables for the sf3 Gaudin model.
The construction of the separated variables was indeed based on the introduction of an
sl3 Lax matrix I(u) (3.1), so that sf3 generators act in the fundamental representation.
But we could alternatively have used the antifundamental representation, which is related
to the fundamental by the Dynkin diagram automorphism. With our conventions, our
choice of the fundamental representation will turn out to correspond to the choice of the
degenerate field V_j-1,, of the W5 algebra. The three corresponding null-vector equations
are [22]

. b 5 T
|:’LW1 + (5 —|— &) Lfl_ Vfb_lwl = 0, (432)
) -
[ZWQ ~ gl bL2, | Vop1,, =0, (4.33)
iW_g — b lL bL_1L b3L3_V =0 4.34
_3 5 + &b _3+bL_1L_o+ 1| Vop-1y, =0 ( . )

The last null-vector equation implies that any correlation function with one degenerate

field obeys E1 (V_y-1,, (y) [T Ve, (2:)) = 0, where
P10 1 9 A,
= — - . [ —— e
"0 " b* Oy ; <y_zi 9% (y—Zz‘)2>
1 1) © 10 24,
" (ﬁ " @) 2 <<y—z@->2a_zi N <y—zi>3>

i~ (Woawy  Woig o )
+— 0 L0 o . (435
b? Zl ( y—z  (W—=)? (y—=)’ (43)
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This may be compared with eq. (4.21), which is formally similar, or even identical if the
term with coefficient 6% is absorbed into the other terms by redefining W_; ;) and gq,.
Like in the sfy case, the meaning of this formal similarity is not clear.

Now the equations obeyed by correlation functions with several degenerate fields like
Q, eq. (1.2) are significantly more complicated than Ej, because eliminating W_1, W_o
descendents of the degenerate fields requires the use of the first two null-vector equa-
tions (4.32), (4.33). Still denoting {y,} = {y, %}, we obtain the equation E»Q, = 0 with

02 10 ( 1 0 A4 >
By = E1+ 5 + 5 ——+ <
Y Z Y= 8y b* Ay ; y=u oy (y—w)?

0 JAS
R _'_ ?
T35 Z (v —w (yb — zj) (0% yp — z@->
1 0 A_p-1, >
+—t 4.36
364Z (v — )y — ye) <3yc Ub — Ye (4.36)

3642 (y —w)? <5yb >
1
(b8 o) S

where

A (4 + 3b%)(5 + 3b%) . (4.37)

b—lwy — -1 ﬁ s q_p-1y; = 27b3
Relating W3 momenta to s/tg spins. In order to compare the equation F5{, = 0
with the KZ equations in Sklyanin variables (4.23), we should specify how we relate sl3
primary fields ®7(u|z) to Ws primary fields V,,(z). We are looking for a relation between a
and j which translates into a simple relation between (A, g,) and (AJ .4 7). We propose

Ap= A +24 52
a=—bj+b  er+e) = { AR (4.38)
o = 4;

where we use the following expressions for (A}I , qj) defined in egs. (2.8) and (2.14)

Af = 7 ! 3;(3 j+ 2e1 + 2e3), (4.39)
¢ = ﬁﬂ b1 —Jel 201 + 1) + (G2 + D] [(J1 +1) +2(j2 +1)],  (4.40)

where the components (j1,j2) of the spin j are defined as j = jiw; + jows. Notice that
our relation between o and j maps the principal unitary series of sf3 representations
j € —e1 — eg + iR? to the W3 representations which appear in the physical spectrum of
conformal sf3 Toda theory [6] a € @ + iR?. Such choices of o or j lead to real values of
(A, q) if k> 3.
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However, there does not need to be any relation between the 3/6\3 creation operators
W;Il,W;IQ and their W5 counterparts W_1, W_o. While relating LJ1 = 5Z to L1 = 8z7
though difficult in practice, is in principle a simple matter of performing the change of
variables, there is apparently no principle which would determine how W/ 1 W;’2 would
behave through the change of variables. This is why we work modulo F3(y), ignoring
the non-differential terms which involve such operators, and being left with differential
equations. Now the presence of degenerate fields in correlation functions of W4 fields does
not necessarily lead to differential equations, a fact which makes conformal sf3 Toda theory
much more complicated than Liouville theory [6]. Differential equations actually appear
provided the number of degenerate fields is large enough. We are inserting 3n—6 degenerate
fields V_j-1,,, together with the n generic fields V,,, which is enough for eliminating the
2n terms W_y (3, W_5 (; and being left with n — 6 differential equations.

Twisting W3 null-vector equations. Finally, we should determine the twist factor ©,,
which appears in the conjecture (1.4), so as to be able to compute

Es = @nEQG;Ll such that F5-0,Q, =0 . (4.41)

The values of the parameters A, v can be derived as in the 362 case. Requiring continuity
of ©,Q, at y, = 1y implies A\ = 2A_,- 1o, — A_gp-1,, = bg, and requiring that the
conjecture (1.4) holds in the case n = 2 implies v = 2A, — 2AJ b2 + 4, see eq. (4.38).
Notice however that this only determines v up to b- 1ndependent terms, as the unknown
b-independent kernel K may also contribute.

These constraints leave the parameter p arbitrary. We will obtain an ansatz for u, and
confirm the values of A and v, by generalizing the relation (3.23) between 0,, and free field
correlation functions which was observed in the sfo case. In the sf3 case the analogous
relation is

3In—6 free
19,72 = < IT Vetre (Wa Hvb Herten) z,)> . (4.42)

This ansatz leads to the values
V= -—. (4.43)

These values will turn out to be the only ones such that, modulo F»(y), the only non-

differential terms in E3 are of the type (yf;i)g,. This is a rather non-trivial requirement as
many non-differential terms can potentially appear (cf appendix A.1). Working modulo
Fa(y) eq. (4.22), and using the relation (4.38) between sl3 and Wy representation data, we
indeed compute

oA |

bgq]z b?A
5+ 55 D2+ 1+b22 Z PRSI (4.44)

B3~ —
3 6y i
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where we introduced two differential operators Dy and D, of respective orders 1 and 2,
which depend neither on the field momenta «; nor on the model parameter b,

2
+3Z Yy — 2 Zy Yo (3—%_3%> QZ#:y—lybybiyc (%_%>’ (4.45)
Dzzzi:ﬁ(% (5(1 3y>+zy Yo (3% 3%) <%+2f%>
+Zb:(%§_ (4.46)

Y —uyp)? Oy

4.4 Comparing sf3 Knizhnik-Zamolodchikov equations with W5 null-vector
equations

We are now in a position to test the conjecture (1.4) by comparing the KZ equations in
Sklyanin variables (4.23), which apply to KX~1€,, with the twisted W3 null-vector equa-
tions (4.44), which apply to 0,Q,. We will first do the comparison for general values of b,
and then explain in more detail what happens in the particular limits b — oo and b — 0.

The comparison for general b. To start with, the non-differential terms agree. This is
actually a very non-trivial statement, as we started with complicated non-differential terms
in eq. (4.37) an then generated more terms by twisting with ©,,. The freedoms to choose
the three parameters A, u, v of ©,, and to ignore terms belonging to F2(y) is a priori not
sufficient to ensure the dozens of required cancellations, which nevertheless occur as can
be seen in explicit calculations. These calculations use some helpful identities which are
gathered in appendix A.1. The existence of a simple twist which simplifies the differential
equations obeyed by correlation functions involving many identical degenerate fields might
well be a general phenomenon in conformal field theory, as we now see that it happens
for the simplest degenerate field in theories with W3 symmetry, in addition to the already
known cases of the two simplest degenerate fields in theories with Virasoro symmetry [3, 5].

Let us then examine the term b%DQ in eq. (4.44). Agreement with the corresponding
term in eq. (4.23) would occur provided

0 1 )
— - ~ Dy . 4.4
oy ZZ: y— zilc 52,,C 2 (4.47)

It seems technically challenging to check this identity. But remember that our inability
to explicitly perform Sklyanin’s change of variables for 6%1_ does not contaminate the other
terms in our equations, as we do know that the change of variables must be independent

from the parameter b = (k — 3)7%.

Let us now examine the term bl4D1' We would like this term to vanish modulo F»(y),
as no such term is present in eq. (4.23). However, it is rather obvious that D; does not
belong to F3(y), although it has quite a few remarkable properties. This is explained in

detail in the appendix A.3. As a result, the conjecture cannot hold for general values of b.
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The critical level limit b — oco. We notice that the term b%Dl, which is responsible
for the failure of our conjecture, vanishes in the b — oo limit. Therefore, the conjecture has
better chances to hold in that limit. To completely prove that it does, we still need to clear
one subtlety with the term b%Dg. This term seems to vanish in the b — oo limit but actually
it does not. This is because near b — oo our correlation functions do not have finit lim-
its. Rather, the Toda correlation function €, = (], V_p-1o, (¥a) [T; Vi bjitb1(ertes) (7))
involves “heavy” fields V_y; 1 p-1(, +es)(2i) whose momenta grow as b. On general grounds
(sce for instance [6]), it is therefore expected that Q, ~ ?*SU=NT, where § and T, are

b-independent functions, and S depends only on {ziizﬁd not on {y,}. The differential
operator b%Dg, which contains derivatives with respect to z;, may yield a finite contribution
when such derivatives act on e?*S(zi}).

We should therefore check whether eq. (4.47) holds to the leading order in ? when
acting on functions of the type ebQS({Zi})Tn. This is actually the case, because the only
term in Dy with z;-derivatives is a% > y—lzz' B%i’ and IC*I(S%IC S{z}) = %S({z,}) This
completes the proof of the conjecture (1.4) in the critical level limit b — 0o < k — 3.

Notice that this b — oo limit is not sensitive to the twist function ©,,. This is because
the exponents A, u, v (4.43) vanish in this limit so that ©,, o 1.

The minisuperspace limit b — 0. In this limit, the discrepant term bL4D17 which
is responsible for the failure of the conjecture (1.4) for general b, grows larger. We may
therefore obtain some insights on the reasons for this failure.

As in the sy case, we will consider full correlation functions (with both holomorphic
and antiholomorphic dependences) and use path-integral reasonings in sf3 Toda theory.
For full correlation functions, the conjecture reads €2, ~ ICI@\@nPQn. As in the s/ case,
the transformation K is b-independent, €2,, is expected to have a finite limit, and the Toda
correlation function €, behaves as i R, <H22;6 Vo1, (Wa) [Ty Vb71(61+62)(zi)>
where R,, is b-independent.

Therefore Q,, simplifies in the b — 0 limit but, in contrast to the sfy case, its leading
behaviour does not reduce to a free field correlation function. This is because the simplified
correlation function <H22;6 Vg1, (a) [ T2y Vb71(61+62)(Zi)> does not obey momentum
conservation, given the value 2Q = 2(b + b~!)(e; + e3) of the background charge in s/3
Toda theory. However, momentum conservation can be restored by inserting n—2 screening

operators Vy-1.,. (See [6] for similar reasonings and calculations in sf3 Toda theory.) Thus,
3n—6 n

n—o free
Q ~ Bn < IT Voot Wa) [T Vi1 (erseny (20) T 1 / A2z, Vb_lel(u)> . (4.48)
a=1 =1 (=1

This free correlation function is the product of the free correlation function (4.42), which

we took as our ansatz for |©,|?, and an integral over x,, leading to

~ 2 _ 2 _ 4
10,2, "~ Rn/Hdeg 1 lze = val o [ ] lwe — 2l 752 [ |we — e 7% . (4.49)
V4 a,l i,0 £l
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The integral in this formula is expected to be dominated by a saddle point, where the zys
are solutions of

1 1 1
QZHJFZW_%—; =0. (4.50)

x J—
0 i ¢~ Ya

(Curiously, these are the Bethe equations for the sfs Jaynes-Cummings-Gaudin model
at infinite coupling and with spins £3 [23].) The dominant behaviour of the integral is
expected to be of the form |9n|b% as b — 0, with 6,, a b-independent quantity. This |9n|b%
factor contradicts the existence of a finite limit for |©,,|>Q, as b — 0, which follows from

the conjecture.
1

One may be tempted to modify the conjecture by adding a factor 6, ¥ to the twist
function ©,,. This would not only correct the leading behaviour in the b — 0 limit,
but also make the conjecture compatible with global conformal symmetry. We have not
mentioned global conformal symmetry until now because this subject is independent from
the differential equations in terms of which the conjecture was formulated. It is however
easy to see that the conjecture is incompatible with the behaviour of correlation functions

under scaling transformations (z;,y,) — (Azi, Aya), except in the b — oo limit.
1

However, adding the factor 0, ¥ would spoil the agreement between most terms of
the KZ equations (4.23) and the twisted W5 null-vector equations (4.44), in particular the
terms depending on the spins j;. The modified conjecture would only hold at the level of
the j;-independent dominant factors in the b — 0 limit, which would not be interesting.

5 Conclusion

The comparison of sfs KZ equations in Sklyanin variables (4.23) with Ws null-vector
equations (4.44) does not support the conjecture (1.4) in its general form. Nevertheless, the
KZ equations are very similar to the null-vector equations: many terms agree nontrivially,
and the disagreement is confined to a term which does not depend on the spins j; of the
fields. This remarkable quasi-agreement makes it unlikely that a full agreement can be
obtained by modifying the conjecture.

In the critical level limit £ — 3 < b — o0, the disagreement disappears and the conjec-
ture (1.4) is true. This limit plays an important role in the Langlands correspondence [24],
which might possibly explain why the conjecture (1.4) holds for sfs and not for sf3, and
why in the sf3 case it holds only in the critical level limit. Another hopeful source of
insights is the recent work on conformal Toda theories [6], where the sfy>3 cases are un-
derstood to be qualitatively different from the sl case. Of course, we already pointed out
a significant qualitative difference, namely the failure of the sf3 cubic field W7/ () (2.11)
to obey the Wjs algebra. It is not clear how this is related to our problem.

Our results in the sf3 case lead to natural conjectures in sfy~3 cases, where we expect
the KZ equations in Sklyanin variables to agree with Wy null-vector equations only in the
critical level limit kK — N. Let us tentatively perform a counting of equations. There are
SN(N — 1) isospin variables on the lhs of eq. (1.4), and on the rhs we expect N (N —
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1)(n — 2) Sklyanin variables y, plus N(N — 1) extra variables, which may be collectively
included in the symbol U. Differential equations for the sl Toda correlation function
which generalizes (2, are obtained by eliminating $(N = 2)(N + 1)n non-differential terms
from the $ N (N —1)(n — 2) null-vector equations. Thus, we have n — N (N — 1) differential
equations. When it comes to £6,,,, we should presumably add an equation for each one
of the extra variables, reaching n differential equations. This precisely the number of KZ
equations for the lhs Q,, of eq. (1.4). In addition, we have the same number of global Ward
identities on both sides of eq. (1.4), namely N? — 1.

A A few technical results

A.1 Helpful identities

The following identities are used in computing the non-differential terms of the operator
E3 = 0,,F,0,! eq. (4.44). Some identites are written modulo terms in F(y) (4.22), as
indicated by the relation sign ~. All identities are proved by elementary manipulations,

using observations of the type (yflz.)g S ybizi =1 L (Z 11 ) ~ _ﬁ.

y—2i) aya—zi Y=z

1
<Zy ZZ) Zy Zzz (y—=zj)? ;m’ (A1)
; - (yb—Zi)QN (y—zi)3+ _ AQZ ) (A.2)

Y=Y (?/ %) AL

S () S T (e) . w

Y= Yp— y—2) Y= y—2i
2
111 -1 1 1
Pt lal) DY e ) Dbl O D B (A1)
T YWY s S () Gy \ T Y

S s .)Zl (45)

Y= —2 w—2  (Y—2z)(y—z Y=

1 1 1
Zb: (Y—y6)? yp— 2 (y—Zz‘)?’ (y—=zi)? Z

11 1 1 11
~ + = , (A7
Zy—ybyb—ycyb—zi (y=2)®  2y—z (Zy yb> Zb: (y—u)? (81)

b#c
111 2 11 1\’ 1
~ +35 -y —— A8
Zy_yb Yb—Yc Yec—%i (y—Zi)3 29—z (Zb: — ) Zb: — )2 ( )

b#c
! > ! -, (A.9)
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z% =¥+ 22 21 (A10)

W) w—ye G =m)? Y- (=)’

11 1 111
> 5+ > : (A.11)
LYY Yo Ye Yo i (yo— yc) bota Y Y0 YYe Y=Y
d#c

11 1 11 1
> — _)+§Z — (A.12)
c;éby Y Yo—Yec Yo — yd btc yb Ye b#c#dy YY—Yec¥Y—Yd
d#b

111 I
= + . (A.13)

b;dy—yby—ycy—yd (Zb:y—yb> Z (y—w)? Zy ybz

A.2 A characterization of F»(y)

Here we will justify the characterisation (A.19) of the space F2(y) defined in eq. (4.22).

For pedagogical reasons we will begin with the simpler problem of characterizing the
space of permutation-symmetric functions of m variables {y,}. More precisely, given a
function f(¢,{y,}) which is permutation-symmetric in {y,}, depends on an additional
variable ¢, and is regular at t = y,, we want to determine whether f(y,{y,}) is actually
permutation-symmetric although it apparently depends on y. This amounts to determining
whether f(ya,{ys}) actually depends on the choice of a’. If it does not, then for any
polynomial P(t) of degree m — 2 we have

Py
27{ ‘“H t—ya Z}'{ dtH t—ya> f(y)fiodtna(t—ya)‘o'

(A.14)

So we have transformed the m — 1 conditions f(y1) = f(y2) = -+ = f(ym) into the

condition ), fy L dt % = 0, which can then be evaluated by moving the integration
contours, if the analytic properties of f(¢) permit.

Let us apply a similar reasoning to the characterization of Fy(y). If f(y) € Fa(y),

for instance f(y) = m f(y) where f(y) is actually permutation-symmetric, then given

any polynomial P(t) of degree n — 7 we have

"ot — z)? - (= 2)?

Zj{ dt P(t)l—[?f:}é—zl)f(t) = f(y)]é dt P(t)w =0. (A.15)
o VY Ha:l (t = Ya) 00 Ha(t ~ Ya)

Thus, to know whether f(y) € Fa2(y), we only need to evaluate the left hand-side of this

equality. To do this we can use the assumed analytic properties of f(¢): namely, that it is

meromorphic with singularities only at ¢ = z;, and goes to zero as t — oo. This implies

)2
dt P(t j{ dt P(t)=———=f(t), A.16
Z % t - ya Z t - ya) ( ) ( )
which proves f(y) € Fa(y) = (P, f) = 0 as in eq. (A.19). The reverse implication follows
from a simple counting of variables: the space of polynomials of degree n — 7 has dimension
n — 6, which is precisely the number of constraints which we expect for characterizing the
space Fa(y).
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A.3 Study of the differential operator D,

As explained in section 4.4, our conjecture (1.4) implies the relation D L0or equivalently

Dy é Fa(y), where D; is the first-order differential operator written explicitly in eq. (4.45).
Here we provide a rigorous argument that this relation is not true, which implies that the
conjecture cannot hold for general values of the parameter b.

To start with, let us reduce the study of the first-order differential operator D; to the
study of mere functions. The operator Dy, like all our differential equations, is assumed
to act on functions which are symmetric under permutations of the 3n — 6 variables {y,}.
The space of such functions is algebraically generated by the 3n functions

1 1 ,
Zlog 0 — Zi), UZ-E; -, Tizzm, i=1---n. (A7)

— Z
Ya i p

Therefore, D1 ~ 0 < Dyp; ~ Dio; ~ Di7; ~ 0. Direct calculations show

Dlpi ~ 0, (A18)
1 o;
Dyo; ~ — +
' (y_Zi)4 (y_zz) _Zz 3 %; _Zj
8 60; 10 1 47; 202
D1y ~ — + + + - :
' (y—=z)°  (y—z) —z)! Z -z (y—=)? (y—z)

oY > ()
y—zz‘)3#iy—2‘j —23 y—2)? -zl \Zy—z
So Djo; and Di7; do not manifestly vanish modulo F»(y). Let us however study them
further. They may be considered as values at ¢ = y of functions f(t) = f(t,{ya},{2:i})
which are invariant under permutations of {y,} but depend on the additional variable ¢.
Let us consider the space of such functions, which we in addition assume to be meromorphic
in ¢ with no singularities besides ¢t = z;, and to go to zero as t — oo. Let us moreover
introduce the space P,_7 of polynomials P(t) of degree n—7. As we show in appendix A.2,

H? 1t = Zi)2

Ty /@ =0 (419

f0) € Fay) & YP P, (P.H=Y P
i=1 77

Then, explicit calculations yields

N Tppilzi - 2)”
(P, Dyo;) = Qm—H T

2 2
(P,Dy13) = 2%1%—%)) [4P”( <20Z +6 Z

This explicitly demonstrates that Dy ¢ Fa(y).
However, Dy still has remarkable properties with respect to the constant polynomial

P'(z), (A.20)

)P’ zz)} . (A21)

Zi — 2k

P =1, namely (1, Dyo;) = (1, D17;) = 0. These non-trivial identities sensitively depend
on the general structure of D; and on the particular values of A, y, v which determine its
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coefficients. This implies that, whereas arbitrary differential operators belong to F»(y) for
n < 6, D1 € Fy(y) for n < 7. The significance of these properties of D; is not clear.
When combined with Dyp; ~ 0, they suggest that D; ~ 0 when applied to a special class
of permutation-symmetric function of y, (and z;), and one might wonder whether 0,0,
actually belongs to this class. Given the freedom to choose y € {y,}, this would imply
that €, satisfies n — 6 further differential equations. But €2, is not expected to satisfy
any further differential equations besides the global Ward identities, whose number is n-
independent. So the supposition Dy - 6,9, <0 certainly fails for n > 7, and so does our

conjecture (1.4).
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